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Abstract. A Gclfand model for a finite group 67 is a complex linear representation 
of G that contains each of its irreducible representations with multiplicity one. For a 
finite group G with a faithful representation V , one constructs a representation which 
we call the polynomial model for G associated to V. Araujo and others have proved that 
the polynomial models for certain irreducible Weyl groups associated to their canonical 
representations are Gelfand models. 

In this paper, we give an easier and uniform treatment for the study of the polynomial 
model for a general finite Coxeter group associated to its canonical representation. Our 
final result is that such a polynomial model for a finite Coxeter group G is a Gelfand 
model if and only if G has no direct factor of the type W(D2 n ), W{Ej) or W{E%). 
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1. Introduction 



Let G be a finite group. A Gelfand model for G is a complex linear representation 
of G that contains each of its irreducible representations with multiplicity one. One is 
interested in finding "natural" Gelfand models for classes of finite groups. 

Klyachko and others ( [Kl-19831 IIRS-19901 IBa-1991j ) gave a construction of Gelfand 
models for the groups W(A n ), W(B n ) and W(D 2n +i)- It is obtained by taking sum of 
inductions of certain one dimensional representations of involution centralizers, hence 
called involution model. It is easy to see that, for a finite group G, the dimension of 
an involution model for G is equal to the dimension of a Gelfand model for G (i.e., the 
sum of dimensions of all irreducible representations of G) if and only if every irreducible 
complex linear representation of G can be realized over R. Therefore, if a group G has 
a non-real irreducible representation then any involution model for G is never a Gelfand 
model. Thus, the study of involution models is rather restricted. 

In this paper, we study another approach for constructing a Gelfand model. For a 
finite group G and a faithful representation V of G, we define the polynomial model 
for G associated to V, denoted by Af(V), to be the space of complex valued polyno- 
mial functions on V that are annihilated by all G-invariant differential operators with 
polynomial coefficients of negative degree (see §2 for more details). Araujo and oth- 
ers ( |AA-200"Tl IAr-20031 IAB-2005] ) proved that the polynomial models associated to the 
canonical representations of the Weyl groups W(A n ), W(B n ) and W(D 2n+ i) are Gelfand 
models. 

The purpose of this paper is to study polynomial models for all finite Coxeter groups, 
irreducible or not, associated to their canonical faithful representations. In Theorem 
12.41 we give another description of the polynomial model MiV) associated to a faithful 
representation V of a finite group G. Our description is easier to work with and gives 
much more information than the original description in [AA-2001] . For instance, it is quite 
clear from Theorem 12.41 that an irreducible representation of G is always contained in any 
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polynomial model. Thus, M{V) is a Gelfand model for G if and only if the multiplicity 
of each irreducible representation of G in M(V) is one. 

The question now is to compute the multiplicity of an irreducible representation of G 
in its polynomial model J\f(V). If G is a finite Coxeter group, then this question is related 
to the study of the fake degree of an irreducible representation of G. In Section 3, we 
recall some well-known facts about finite Coxeter groups and the fake degrees. Section 4 
is devoted to proving the following main result. 

Theorem 14.21 Let G be a finite Coxeter group and let V be its canonical faithful repre- 
sentation. The polynomial model N(V) for G is a Gelfand model if and only if G has no 
direct factor of the type W(D 2n ), W(E 7 ) or W(E S ). 

Remark. Every irreducible representation of a finite group G is contained in any polyno- 
mial model for G (see Theorem 12.41) . Hence a polynomial model for G is a Gelfand model 
if and only if its dimension is equal to the dimension of a Gelfand model. On the other 
hand, as discussed above, the dimension of an involution model for a finite Coxeter group 
G is always equal to the dimension of a Gelfand model for G. Therefore, an involution 
model is a Gelfand model for a finite Coxeter group G if and only if it contains each of 
its irreducible representations. 

Thus, in the case of finite Coxeter groups, involution models and polynomials models 
have complementary properties and it would be interesting to study the interplay between 
these two models. We hope to take up this study in a subsequent paper. 

We also believe that our description of the polynomial model in Theorem 12.41 can be 
used to describe Gelfand models for finite groups which are not Coxeter groups. A trivial 
example is that the polynomial model for a finite cyclic group G associated to any of its 
one dimensional faithful representations is a Gelfand model for G. 

Acknowledgements. The first author thanks D.-N. Verma for introducing him to Gelfand 
models. Thanks are also due to Dipendra Prasad, Ulf Rehmann and Anuradha Garge for 
their comments at various stages of this work. This work was done when the first author 
was visiting the Institut de Mathematiques de Jussieu, Paris, and Universitat Bielefeld, 
Germany. He acknowledges the hospitality of the members of both the places as well as a 
fellowship from "Region Ile-de- France" and the support from "SFB 701: Spektrale Struk- 
turen und Topologische Methoden in der Mathematik" which made these visits possible. 
The authors also thank the anonymous referee for a careful and speedy report. 

2. The polynomial model 

In this section, we define the polynomial model for a finite group G together with a 
faithful C-representation V. This is a certain subspace of the ring of complex valued poly- 
nomial functions on V. In Theorem 12 .41 we give another description of this representation 
space which turns out to be easier and more useful than the one given in [AA-2001] . 

Let G be a finite group and let V be a faithful C-linear representation of G. Let A 
denote the ring of complex valued polynomial functions on V. Then G acts on A by 

( g . P)( v ) = P( g - 1 ■ v ), for all g E G, P E A and v E V. 

Let W denote the Weyl algebra consisting of differential operators on A with polynomial 
coefficients. Then W admits an action of G determined by the following property: 

( g .D)(P)=g- (Dig- 1 ■ P)), for all g E G, D E W and P E A. 
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By choosing a basis of V, we identify A with C[xi, . . . , x n ] and the Weyl algebra W 
with C[xi, . . . , x n , di, . . . , d n ], where di = -Jj^. Note that the multiplication in W is 
non- commutative. Any element D G W can be written in a unique way as a finite 
sum D = Yl c a,P xa d 13 where x a = x" 1 ■ ■ •a;" n ,<9 /3 = <9f 1 • • -<9f n and c a ^ G C. For D = 
Ca t /3X a d^ G W, we define the degree of D as 

deg(£>) = max - A) : c Q ,/3 ^ j . 

Note that the degree is invariant under G-action. Let Z be the set of G-invariant ele- 
ments of negative degree in W. Finally, let M(V) C A denote the space of polynomials 
annihilated by Z, i.e., 

N(V) :={P eA: D(P) = for all D G Z}. 

It is clearly G-stable. We define the G-representation Af(V) to be the polynomial model 
for G associated to V . 

We now begin our study of the polynomial model N(V) with the following basic ob- 
servation. 

Lemma 2.1. There exists a G-equivariant infective map : C[G] <^-> A. 

Proof. Observe that, since V is a faithful representation of G, there exists a vector v G V 
such that g ■ v ^ v for 1 ^ g G G. Further, there exists a polynomial P G i such that 
P(v) = and P(g ■ v) ^ for g ^ 1. We define the required map by sending g to g- P. □ 

Let v4 m denote the subspace of homogeneous polynomials in A of degree m. Since G 
acts linearly on ^4, each A m is stable under the action of G. It now follows from the above 
lemma that each irreducible representation of G is contained in some A m . 

Further, let W Pt q denote the subspace of W generated by the elements x a d 13 where 
|a| := Yli a i = P an d '■= Ylifli = Q- Again, each W Ptq is stable under G-action. We 
recall that Hom c (w4 g , A p ) admits an action of G determined by (g ■ 4>){P) = g • (0(5 ,_1 • P)) 
where G Homc(^4 g , A p ) and P G A q . By letting W act on A, we get a G-equivariant 
linear map \I> : W — > Homc(v4, .4). From this map, we obtain a G-equivariant linear map 
^ P ,q '■ W Pi9 — ► Homc(v4. g , »4 P ) for each p and g. 

Lemma 2.2. TTie G-equivariant map ^ Ptq : W Ptq — ► Hom<c(«4 g , *A P ) is an isomorphism. 

Proof Let (m ^), for |a| = p and = g, be the basis of B.omc(A q , A p ) defined by 
u a ^(x J ) = for 7 7^ /3 and u a> p(x^) = x a . It can be easily seen that maps x a d' 3 to 
(Ili flity u a,/3- It then follows that the map ^ pq is an isomorphism. □ 

Corollary 2.3. The map ^ pq induces an isomorphism — ■» Hom C [ G ](^l 9 , .Ap). 

Proo/. (Hom c (A. g ,.Ap)) G = Homq G] (A. 9 ,.Ap). □ 

We now state and prove the main theorem of this section. 

Theorem 2.4. Let V be a faithful representation of a finite group G. Let Af(V) denote 
the polynomial model for G associated to V . For an irreducible representation U of G, let 
p(U) be the smallest integer such that U is isomorphic to a subspace of A p (u) an d let Cu 
denote the U -isotypical component of A p (u) ■ Then 

N{V) = ®C V . 
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Proof. Any D G Z maps A p (jj) to (B p < p (u)A p , hence maps Cy to 0. Thus, Cy is contained 
in Af(V). Further, if some A q , for q > p(U), has a subspace U' isomorphic to U, then 
there exists a non-zero G-equivariant map from A q to Apaj). This, by Corollary l2.3l comes 
from an element D G VVSm 9 such that D(U') ^ 0. Since g > p{U), we have deg(D) < 
and hence D G Z. This proves that the only homogeneous component of N(V) which 
has a subspace isomorphic to U is of degree p{U). □ 

Corollary 2.5. With the above notations, the polynomial model Af(V) is a Gelfand model 
for G if and only if each irreducible representation U of G appears with multiplicity one 
in its first occurrence in the homogeneous components of A. 

We complete this section with an easy observation and its two consequences. 

Lemma 2.6. Let Gi, G<i be finite groups with faithful representations Vi for i = 1, 2. Let 
G = G\ x G 2 and let W = V\ © Vi- Then the polynomial model M{W) for G associated 
to the faithful representation W is isomorphic to A/"(Vi) (g) Miy-i) as a G-module. 

Proof. Let A(W),A(Vi) and A(Vz) denote the rings of complex valued polynomial func- 
tions on the vector spaces W, V\ and V 2 respectively. It is then clear that .A(W) = 
A(Vi)®A(y 2 ) and A(W) m = J2i+j=mA{Vi)i®A{V2)j. Any irreducible representation of 
G is of the form U — U\ ® U2, where C/j are irreducible representations of Gi, for i — 1,2. 
We then have p{U) = p{Ui) + p{U2) and Cu = Cjj x ® Cu 2 - The lemma now follows from 
Theorem 12.41 □ 

Corollary 2.7. With notations as in the above lemma, Af(W) is a Gelfand model for G 
if and only if MiVi) is a Gelfand model for Gi for i = 1, 2. 

Corollary 2.8. If Gi, for 1 < i < n, are finite groups with corresponding faithful rep- 
resentations Vi. Let G = TliGi and W = (BiVi. Then the polynomial model M{W) is a 
Gelfand model for G if and only if M{Vi) is a Gelfand model for Gi for every 1 < i < n. 

3. Finite Coxeter groups and fake degrees 

In this section, we recall some basic facts about finite Coxeter groups and their rep- 
resentations. More precisely, we recall the notion of the fake degree of an irreducible 
representation of a finite Coxeter group. The basic results about Coxeter groups are 
recalled from |Bo-200 2j and those about the fake degree are recalled from [Ca-19 85j. To- 
wards the end of the section, we describe the fake degrees of irreducible representations 
of some finite Coxeter groups. 

A Coxeter system is a pair (G, S) where G is a group generated by a finite set S with 
relations s 2 = (ss') m ^ s ' s > = 1 for s, s' G S. If (G, S) is a Coxeter system, by abuse of 
notation, we call G a Coxeter group. In this paper, we are concerned with finite Coxeter 
groups. Let G be a finite Coxeter group and let V denote the C-vector space generated 
by the basis (e s ) s( zs- Then G admits a natural action on V determined by the following 
property: 

( 71 

s(e s ') = e s i + 2 cos 



m(s, s') 

This is a canonical faithful representation of G associated to the generating set S. In the 
rest of this paper, we shall not mention the generating set S and say that $ : G <^-> GL(V) 
is the canonical faithful representation of the Coxeter group G. 

As described in the previous section, G acts on the ring A of complex valued polynomial 
functions on V. Let A G denote the subalgebra of G-invariant polynomials in A. It 
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is known that A G is a polynomial algebra over C and, moreover, one has that A G = 
C[/i, . . . , f n ] where the polynomials fa can be chosen to be homogeneous. The generating 
set {fi, . . . , /„} is not unique, however, the degrees di = deg/j are uniquely determined 
by the group G and its representation V ( |Ca-1985| 2.4.1]). 

The quotient ring of A modulo the ideal generated by non-constant G-invariants, 
A = A/(fi), admits a natural G-action. We decompose A into (G-stable) homogeneous 
components as A = ®i>oAi. It is known that A is isomorphic to the regular representa- 
tion of G as a G-representation ( |Ca-1985j 2.4.6]). For an irreducible representation U of 
G of degree d, let a\ < ■ ■ • < ad denote the degrees of homogeneous components of A, 
counted with multiplicities, that contain a subrepresentation isomorphic to U. 

The polynomial fu(t) := Y2i=i^ ai * s ca hed the fake degree of the representation U. 

If x denotes the character of the representation U, then the fake degree of U can be 
computed using the formula ( [Ca-1985l 11.1.1]) 



where di are the degrees of the homogeneous generators f\ of A G , as discussed above. 

Remark 3.1. If we write fu{t) = t q ( u ' ■ gu{t), where gu{t) is a polynomial with non- 
zero constant term, then q(U) is equal to p(U), the smallest degree of the homogeneous 
component of A which has a subrepresentation isomorphic to U. Further, the constant 
term of gu(f) is equal to the multiplicity of the representation U in Ap(u)- 

The finite Coxeter groups are classified by the corresponding Coxeter graphs ( |Bo-2 002, 
IV. 1.9]). A finite Coxeter group is said to be irreducible if its Coxeter graph is connected, 
and a general finite Coxeter group is a (finite) direct product of irreducible ones. The 
irreducible finite Coxeter groups have been classified and, up to isomorphism, they are of 
the following types: 

(1) Classical Weyl groups: W(A n ), W{B n+1 ) and W{D n+3 ) for n > 1; 

(2) Exceptional Weyl groups: W(G 2 ),W(F A ),W(E 6 ),W(E 7 ) and W{E % ); 

(3) Non-crystallograhic groups: H 3 , if 4 and the dihedral groups (^(ft) of order 2n for 
n = 5 and n > 7. 

We shall use these notations for the rest of this paper. 

The fake degrees of irreducible representations have been computed for various finite 
Coxeter groups. Steinberg calculated them for the groups W(A n ) in |St-1951j whereas 
Lusztig and others computed them for many of the remaining finite Coxeter groups 
( [Lu-1977t IBL-1978] IAL-1982] ). We now reproduce the formulae for the fake degrees of 
the irreducible representations of classical irreducible Weyl groups from ( |Lu-1977] §2]). 
In the end, we also compute the fake degrees for the groups H 3 and G^n). 

Fake degrees for W(A n ). It is known that irreducible representations of PF(A n ) = S n+ i 
are in 1-1 correspondence with partitions of n + 1, a : a% > a 2 > • ■ ■ > a m > with 
\at\ — ^2 oti — n + 1. For a partition a, we define Aj = a« — i + m. Then the fake degree 
of the corresponding representation U a is given by 



(3.1) 




(3.2) 



fu a (t) 



nr = #-i) Mg^) 



2 - i ) + r-) + ... + i n, 3 .n-4(^-i) 
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Fake degrees for W(B n ). The irreducible representations of W(B n ) are in 1-1 corre- 
spondence with ordered pairs (U a ,Up) of irreducible representations of Sk and Si where 
k + I = n (see |Lu-1977l §2.3] for the details of this correspondence). For the partitions 
a :«!>••• > a m i > and /3 : (3\ > • • • > /3 m n > 0, we define Aj = «j — i+m' (1 < i < m') 
and Hi = j3i — i + m" (1 < % < m"). Then the fake degree of the representation U a ^, 
corresponding to the ordered pair (U a , Up), is given by 

f ^nr=i(^-i) rw* 2Ai -* 2A o n^i**-**) 

1-3-3 J Ju a , g {t) 



Fake degrees for The Weyl group lf(£) n ) is a subgroup of index 2 in W(.B n ). 

It is known that the restriction U a> p := U at p\w(D n ), f° r an irreducible representation U a> p 
of W(B n ), remains irreducible if a ^ (3 and that U a< p = Up^ a . Further, U ajOC splits into 
two distinct irreducible representations U' aa and U£ a - All irreducible representations of 
W(D n ) are obtained in this way ( |Ca-1985| 11.4.4]). The fake degrees of the irreducible 
representations of W(D n ) follows 

(3.4) ffj, (t) = f d „ {t) = {tn ~jy u : At) 

and for a ^ {3 



(3-5) hit) 



(t" - l)(f Uai3 (t) + f Ua Jt)) 
U a ,f}^> t 2n -l 



Lemma 3.2. For an irreducible representation U of a finite Coxeter group G, we decom- 
pose the fake degree of U as fu(t) = t p ^ ■ gu{t) such that the constant term of gu(t) is 
non-zero (as in Remark [XII) . 

If G is W(A n ), W(B n ) or W(D2 n +i) then the constant term of the polynomial gu(t) 
is equal to 1 for all irreducible representations U of G. Further, there exist irreducible 
representations U ofW(D2 n ) such that the constant term of gu(t) is 2. 

Proof. We use the notations: U a , U a $ and U aj p, as above, for the irreducible representa- 
tions of the groups W(A n ), W(B n ) and W(D n ) respectively. 

It is clear from the formulas (I3.2p and (I3.3P for the fake degrees fu a (t) and fu atB (t), 
given above, that for any irreducible representation U of W(A n ) or W(B n ), the constant 
term of guif) is 1. 

Further, for the group W(B n ), we observe from (13.31) that p(U a> p) = p(Up y0t ) implies 
that | a | = |/9 1 and hence n = 2\a\. Therefore, the irreducible representations U a ,p and 
Up >a of W(B 2n +i) have the property that p(U a> p) ^ p(Up >a ). As a result, we get that the 
constant term of the polynomial guif) for an irreducible representation U of W(D 2n +i) is 
always 1. 

Finally, we note that the constant term of the polynomial gg (t), with \a\ = \/3\ and 
a + (3, is 2. □ 

Fake degrees for if 3. The fake degrees of the irreducible representations of the group 
H% can be easily computed using the formula 13 . 11 The group if 3 is isomorphic to the 
direct product of the alternating group A 5 with Z/2Z = {1,-1}. The group A 5 has five 
irreducible representations, which we denote by U±(— trivial) , V4, W5, I3 and Z 3 , where 
the subscripts indicate the degrees of the representations. Each irreducible representation 
of A 5 gives rise to 2 irreducible representations of H 3 depending on whether the action 
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of Z/2Z is trivial or not. Thus, we get 10 irreducible representations of H 3 . We denote 
the irreducible representations in the same way as for A 5 if the action of Z/2Z is trivial 
and the ones with the nontrivial action of Z/2Z are denoted by U[, V£, W§, Y 3 ' and Z' 3 . It 
is clear that any of the Y 3 and Z 3 can be taken as a defining representations of if 3. We 
choose Y 3 . The degrees of H 3 are 2, 6 and 10. Then the fake degrees of the irreducible 
representations of H 3 are as follows: 

U V . 1, U[: t 15 , 

V A : t 4 + t 6 + t 8 + t 12 , VI: t 3 + t 7 + t 9 + t n , 

W 5 : t 2 + t A + t G + t 8 + t 10 , W 5 ': t 5 + t 7 + t 9 + t u +t 13 , 

Y 3 : t 6 + t 10 + t u , F 3 ': t 1 + t 5 + 1 9 , 

Z 3 : t s + t 10 + t 12 , Z' 3 : t 3 + t 5 + t 7 . 

Fake degrees for (^(n). The degree of an irreducible representation of a dihedral group 
is at most two. The group G^C 77 -) is generated by a rotation p of order n and a reflection 
a with relation per = ap^ 1 . The group G 2 (n) has representations of degree 2. These 
representations Wj, for 1 < j < f 1 ^-], can be described by the images of o and p as 
follows: 

/ 1 \ , / cos j9 sin i6 
a "\0 -l) and ^^-sin^ cosj^ 

where 6 = 27T ^~^ ■ We take W± to be the defining representation of the Coxeter group 
G 2 (n). By using formula (13. ip and the fact that the degrees of G 2 (n) are 2 and n, one 
hasf w .(t) =P+t n ~i. 

If n — 2k + 1, then has 2 one dimensional representations with fake degrees 1 

and t 2h+1 . If n = 4k, then it has 4 representations of degree one and their fake degrees 
are \A k A k and t 2k . 



4. Polynomial models for finite Coxeter groups 

In this section, we prove the main result of this paper (Theorem 14. 2p . 

By our description of the polynomial model in Theorem 12.41 it is enough to study the 
polynomial models for irreducible finite Coxeter groups. Again using the same description, 
we connect the study of polynomial models for a finite Coxeter group G with the study of 
fake degrees of its irreducible representations. We then prove the main result using some 
classical results of Steinberg, Lusztig and others which are recalled at the end of previous 
section. Finally, we give an explicit construction of the polynomial model for dihedral 
group G 2 (n) corresponding to its canonical faithful representation W\. 

Theorem 4.1. Let G be an irreducible finite Coxeter group and let V be its canonical 
faithful representation. Then the corresponding polynomial model M{V) of G associated 
to V , constructed as in §2, is a Gelfand model for G if and only if G is not of the type 
W(D 2n ),W(E 7 ) orW(E 8 ). 

Proof. Let G be a finite Coxeter group and let V denote the canonical faithful represen- 
tation of G. We recall, from Corollary I2.5[ that the polynomial model ^(V^) of G is a 
Gelfand model if and only if the multiplicity of each irreducible representation U of G in 
Ap(u) is one. By Remark 13. 1[ we further deduce that Af(V) is a Gelfand model for G if 
and only if for each irreducible representation U of G, the polynomial gu{t) (associated 
to the fake degree fu{t) of U) has constant term one. 
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The irreducible finite Coxeter groups constitute Weyl groups of split simple linear al- 
gebraic groups, dihedral groups, the symmetry group of the icosahedron, denoted by H 3 , 
and a group which is denoted by H4 (Bourbaki |Bo-2002l 6.4.1]). 

Beynon-Lusztig, in |BL-1978l §§ 2, 4, 5], have computed the fake degrees of irreducible 
representations for all exceptional Weyl groups. These computations, combined with 
Lemma 13721 imply that when G is a Weyl group of a simple algebraic group, the polynomial 
model M{V) for G is a Gelfand model if and only if G is not of the type W(D 2n ), W(E 7 ) 
or W{E 8 ). 

Similarly, from the computation of the fake degrees of irreducible representations of the 
group if 4 in |AL-1982l § 3], it follows that the polynomial model N(V) associated to the 
canonical faithful representation of H± is a Gelfand model. 

Finally, from our computation carried out in the previous section, it follows that the 
polynomial model for dihedral groups and the group H 3 is a Gelfand model. □ 

Theorem 4.2. Let G be a finite Coxeter group and let V be its canonical faithful repre- 
sentation. The polynomial model M(V) for G is a Gelfand model for G if and only if G 
has no direct factor of the type W(D 2n ), W(E 7 ) or W(E 8 ). 

Proof. Follows from Theorem 14.11 and Corollary 12.81 □ 



The polynomial model for G 2 (n). In the case of the dihedral group G 2 (n) one can 
explicitly describe the polynomial model corresponding to the representation W\. Under 
this representation the images of the elements p and a are as follows: 

fl \ ^ / cos27r/n sin27i"/n 

al ~^lo — 1J an ^ ^ I— sin27r/r?, cos2iY/n 

The group G 2 (n) then acts on the polynomial ring A = C[xi,x 2 ] which we treat as the 
ring of polynomials in z and z over C, where z = x\ + ix 2 and z = X\ — ix 2 . Similarly, 
the Weyl algebra W can be treated as the algebra C[z, z, <9, d] where d = and d = -^=. 
The action of G 2 (n) on z, z, d, d is described by: 

(4.1) a(z) = z, a(z) = z, a(d) = d, a(d) = d, 



(4.2) p(z) = (z, p(z) = C% p(d) = C'd and p{d) = Qd 

where ( = e 2n ^ n . 

Lemma 4.3. With the above notations, the polynomial model M iWi) , for the group G 2 (n) 
corresponding to its representation W\, is generated as a vector space by the basis: 

{l,z,...,zW,z,...,^,z n -z n }, 

where z = x\ + ix 2 and 1 = x\ — ix 2 . 

Proof. Observe that, by formulae (14.11) and (14. 2p . it follows that dd and z n ~ m d™ J r j n - m Q m , 
where m = [|] + 1, belong to Z. It follows that M{Wi) is contained in the vector sub- 
space of A, say V, generated by {1, z, ... , z^\z, . . . ,z^\ z n — z n }. Further, by Theorem 
14.21 MiyV\) contains each irreducible representation of G 2 {n) and the sum of degrees 
of irreducible representations of G 2 {n) is 2[|] +2 ( |Se-1977] ). It therefore follows that 
MiyVx) = V and that M{W X ) is indeed a Gelfand model for G. □ 



GELFAND MODELS FOR FINITE COXETER GROUPS 



9 



References 

[AA-2001] J. L. Aguado, J. O. Araujo: A Gel'fand model for the symmetric group, Comm. Algebra, 
29, (2001), 1841-1851. 

[AL-1982] D. Alvis, G. Lusztig: The representations and generic degrees of the Hecke algebra of type 

Hi, J. Reine Angew. Math., 336, (1982), 201-212. 
[Ar-2003] J. O. Araujo: A Gel'fand model for a Weyl group of type B n , Beitrage Algebra Geom., 44, 

(2003), 359-373. 

[AB-2005] J. O. Araujo, J. J.Bigeon: A Gel'fand model for a Weyl group of type D n and the branching 

rules D n ^ B n , J. Algebra, 294, (2005), 97-116. 
[Ba-1991] R. W. Baddeley: Models and involution models for wreath products and certain Weyl 

groups, J. London Math. Soc. (2), 44, (1991), 55-74. 
[BL-1978] W. M. Beynon, G. Lusztig: Some numerical results on the characters of exceptional Weyl 

groups, Math. Proc. Cambridge Philos. Soc., 84:3, (1978), 417-426. 
[Bo-2002] N. Bourbaki: Lie groups and Lie algebras. Chapters Translated from the 1968 French 

original by Andrew Pressley, Elements of Mathematics, (Berlin) Springer- Vcrlag, Berlin (2002). 
[Ca-1985] R. W. Carter: Finite groups of Lie type: Conjugacy classes and complex characters Pure 

and Applied Mathematics, A Wiley-Interscience Publication, (New York) John Wiley & Sons, Inc. 

(1985). 

[IRS-1990] N. F. J. Inglis, R. W. Richardson, J. Saxl: An explicit model for the complex repre- 
sentations of S n , Arch. Math. (Basel), 54, (1990), 258-259. 

[Kl-1983] A. A. Klyachko: Models for complex representations of groups GL(n, F 9 ), (Russian), Mat. 
Sb. (N.S.), 120(162), (1983), 371-386. 

[Lu-1977] G. Lusztig: Irreducible representations of finite classical groups, Invent. Math., 43:2, (1977), 
125-175. 

[Se-1977] J. -P. Serre: Linear representations of finite groups, GTM 42, Springer- Verlag, New York- 
Heidelberg, (1977). 

[St-1951] R. Steinberg: A geometric approach to the representations of the full linear group over a 
Galois field, Trans. Amer. Math. Soc, 71, (1951), 274-282. 

Shripad M. Garge. Department of Mathematics, Indian Institute of Technology Bom- 
bay, Powai, Mumbai. 400 076. INDIA. 
E-mail address: shripad@math . iitb . ac . in 

Joseph Oesterle. Institut de Mathematiques de Jussieu, 16 rue Clisson, 75013 Paris. 
FRANCE. 

E-mail address: oesterle@math.jussieu.fr 



